Single-relaxation time lattice Boltzmann method lacks the required numerical stability for high Reynolds number flow simulations. The method is also restricted to Cartesian grid, making it difficult to be implemented in flow with curved boundary applications. In this work, we proposed a regularized lattice Boltzmann method with nonequilibrium extrapolation boundary condition as a remedy for both issues. The proposed method was applied to two-dimensional lid-driven cavity flow at high Reynolds number simulation to validate its numerical stability. Flow past two-dimensional circular cylinder at moderately high Reynolds number was simulated to demonstrate the method viability for flow with curved boundary. Results obtained from the proposed method were in excellent agreement with other method in literatures. In conclusion, the proposed method was found to be more effective than the standard lattice Boltzmann method for high Reynolds number simulations and flow with curved boundary.
Introduction
The development of lattice Boltzmann method (LBM) since the last decade has significantly improved its reliability and application range. LBM has been widely used because of its simplicity, efficiency and ease of parallel programming implementation. The most basic form of LBM is the single-relaxation-time (SRT) model or Bhatnager-Groos-Krook (BGK) model. However, SRT-LBM requires relatively large number of lattices to simulate flow at even moderately high Reynolds number. At the same time, SRT-LBM formulation is also restricted to Cartesian grid, making it difficult to be implemented for flow with curved boundaries.
Various methods for improving numerical stability of LBM have been proposed. The most common method is the multi-relaxation-time lattice Boltzmann method (MRT-LBM). In MRT-LBM, the hydrodynamic and non-hydrodynamic moments are relaxed with different relaxation time. The numerical stability improvement is achieved by suppressing nonhydrodynamic modes that are not related to Navier-Stokes equation or by adjusting relaxation parameters according to linear stability analysis (1) . However, the increased stability comes with higher computation memory and cost. Fine tuning for free parameters is also required to improve stability or to avoid over-damping flow field solutions. Another well-known approach is the entropic type LBM (ELBM). In ELBM, the equilibrium distribution function is constructed to minimize H-function and satisfy Galilean invariants. The collision operator remains the same as BGK-collision except the introduction of corrective coefficient for relaxation time. The corrective coefficient is calculated from dis-crete H-function. Recently a new approach has been proposed using continuous H-function instead of the discrete form (2) . Although most of the proposed methods work quite well, they involve either relatively complicated algorithm or increase computational cost. None of the approaches maintained SRT-LBM simplicity. In practical fluid engineering applications, it is desirable to use simple and effective numerical algorithm. This is especially true for incompressible flow simulations, in which solving Poisson equation for the pressure field can be very time consuming. SRT-LBM offers simplicity and efficiency; therefore, it is desirable to develop LBM that maintains the advantages and simultaneously improve the numerical stability.
In Chapman-Enskog procedure, the non-equilibrium part of first-order is symmetrical with respect to spatial reflection. However, Latt et al. observed that this symmetric condition is not necessarily satisfied and appears to take a non-negligible value in numerical simulations using SRT-LBM. Based on this observation, they proposed a regularization step that enforces symmetrical property and coined the term regularized lattice Boltzmann method (RLBM) (3) .
They conducted the two-dimensional lid-driven cavity flow simulation and concluded that RLBM is substantially better than SRT-LBM regarding accuracy and stability. They also noted that, unlike the original SRT-LBM, macroscopic physical values could be used directly for boundary condition in RLBM without degrading simulation accuracy. However, they did not examine the method in details and most of the related publications afterwards focus on using regularization method only as a boundary condition.
In this work, we examined in details RLBM implementation for two-dimensional liddriven cavity flow at high Reynolds number. We also proposed the use of non-equilibrium extrapolation boundary condition together with RLBM. The non-equilibrium extrapolation boundary condition uses macroscopic physical values such as velocity and pressure instead of the distribution function, making it very suitable for fluid dynamics simulations. The nonequilibrium extrapolation boundary condition used here was proposed by Guo et al. (4) in their work regarding flow with curved boundary. Since the non-equilibrium boundary condition uses macroscopic physical values, a virtual flux method (VFM) is applied to obtain the fictitious macroscopic physical values at the nodes inside of the bluff or solid body (5) . Excellent results were obtained from both of the test cases. We concluded that RLBM is suitable for high Reynolds number flow and flow with curved boundary. We also concluded that RLBM is the better alternative than original SRT-LBM for fluid dynamics simulations.
Numerical method

Governing equation
The lattice Boltzmann equation(LBE) takes the form as below,
with f + α (x, t) represents the relaxation process. Eq. (2) is the advection process of the algorithm. The equilibrium distribution function was derived from low Mach number approximation of Maxwell velocity distribution function.
The weight coefficients ω α was determined by lattice speed model. In this work, we used the D2Q9 lattice speed model. Fig.1 shows the graphical representation of the latice speed model. In this model, the lattice speeds and weight coefficients were defined as below. 
Through Chapman-Enskog expansion, the compressible Navier-Stokes equation at low Mach number limit was obtained. The density, momentum and viscosity were given as
The relation between stress tensor and distribution function was defined as
e αi e α j f α
The non-equilibrium part and non-equilibrium tensor were given as
From the Chapman-Enskog expansion, the non-equlibrium part of -order can be explicitly derived as below.
Using Eq. (12), the non-equilibrium stress tensor can be rewritten as below.
e αi e α j f
Here tensor Q αi j was defined as Q αi j = e αi e α j − c 
Eq. (14) was the key to the regularization procedure. By enforcing f neq α = f 1 α the final form of the relaxation process can be rewritten as
Journal of Fluid Science and Technology Vol.6, No.6, 2011 where f + α represents post-collision distribution function and is advected using Eq. (2). In this work, pressure based distribution function was used. The pressure distribution function was based on He and Luo (6) . The density ρ was divided into ρ 0 + Δρ, where Δρ was the density variation. For incompressible flows, Δρ was of O(Ma 2 ), thus, substituting ρ 0 + Δρ
Using pressure based distribution function, compressibility error can be reduced and a higher Mach number characteristic velocity can be used without the loss of stability. From here onwards, f eq α , or equilibrium distribution function will refers to Eq.(16).
Boundary conditions 2.2.1. Lid driven cavity
Boundary condition implemented for lid driven cavity used physical quantities, pressure and velocity u directly instead of distribution function (7) . First, the equilibrium distribution function was calculated using u that satisfy the non-slip boundary condition,
where u w is wall velocity. The pressure was calculated based on zero pressure gradient condition. Then, the non-equilibrium part was added to regularized the pre-collision distribution function just as in Eq. (15) . This type of boundary condition was readily available even if RLBM was not implemented for the whole flow domain (7) .
Flow past circular cylinder
In this work, the non-equilibrium extrapolation of the distribution function was used for boundary condition. The idea fits perfectly with RLBM, where the non-equilibrium part of distribution function was used to regularized pre-collision step. In this case, since the non-equilibrium part was calculated at first, the only part that needs extrapolation/interpolation was the fictitious equilibrium. To create this fictitious equilibrium, VFM was applied. Fig.2 described the boundary and the linking between distribution functions. For fluid node at x f to complete the advection process, it requires distribution function from solid node x b . The distribution function coming from x b can be divided into the equilibrium part and the non-equilibrium part.
The equilibrium part of f α (x b ) can be obtained by interpolation using u at x f or x f f such that the physical boundary condition, in this case non-slip boundary condition, was satisfied. Here, Fig. 2 Curved boundary description
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The interpolated velocity was given as
To avoid numerical blow-up if Δ was too small, a range for interpolation was set to be
where, u b , u f , u f f , u w are velocity at x b , x f , x f f and x w , respectively. For the non-equilibrium part, Guo et al. used the folowing definition
During pre-collision step, non-equilibrium part f neq α was evaluated. Therefore, the non-equilibrium part became
This type of boundary condition was also used by Verschaeve (8) . However, Verschaeve used finite difference method to calculate f 1 α given by Eq. (14) . The implementation of this boundary condition was straight-forward. All particle velocity followed a straight line either horizontal, vertical or diagonal in direction. We can clearly see this from Fig.1 . Thus, the only information needed from the curved boundary line was the cross point; i.e the point where curved boundary line intersect with the particle velocity line. For the computational domain, a uniform flow boundary condition was used at the inlet boundary. At the outlet, a constant pressure and velocity interpolation were applied.
Results and discussion
Lid driven cavity
Simulations for lid driven cavity were conducted for Reynolds(Re) number of 1000, 3200, 5000, 7500 and 10000. For each case, unless mentioned otherwise, the upper lid velocity u 0 was set to 0.1 and mesh resolution of 100 × 100. It is worth noting that in the original SRT-LBM, the maximum attainable Re for the same resolution was below 2000 (9) , (10) . Fig.3 shows results of horizontal velocity profile from Re=1000 to 7500 compared to results from Ghia (11) . As can be seen, although a low mesh resolution was used in the present method, results obtained match quite well with those of Ghia. The ability to capture main flow feature at low resolution can also be seen in Fig.4 . Streamline results in Fig.4 was drawn to provide qualitative view of the flow inside the cavity. In this work, we will not provide the center of vortexes. There are a plethora of work citing the center location of the vortexes, thus, we see no point in reproducing those results. Plus, location of the vortexes center were mostly determined by interpolation method which in itself a subject of numerical error. At low resolution, spurious oscillation on pressure field usually occurs due to the lack of resolution. However, as shown in Fig.4 , almost no spurious oscillation was exhibited in the pressure field solutions.
Stable simulation at low mesh resolution also means that some form of artificial viscosity was inherent in the method. This can be demonstrated by running the simulation using same Re number on coarse and fine meshes for comparison. Fig. 5 shows the result of Re=7500 using 65 × 65 compare to 257 × 257. From the figure, we concluded that even at very low resolution, RLBM was not just numerically stable, but also produced a reasonable result. At
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(c) Re=5000 (d) Re=7500 Fig. 3 Horizontal velocity, u x for Reynolds number from 1000 to 7500 calculated on mesh of 100 × 100. The dots are results from Ghia 257 × 257 small scale vortex at the lower right corner of the cavity was also observed. As can be seen from Fig. 6 , small vortex at lower right of the cavity was resolved. From Fig. 6 , the streamline result showed that dissipation was inherent in the present method. However, the dissipation seemed to be small enough to produce good results for large scale flow behaviour. It is interesting to be able to quantify this dissipation and its relation to mesh size. Doing so will not only improve the present method reliability, but also will allow better judgment on minimum mesh resolution needed to obtain adequate result. For Re=10000, only streamline result will be presented. The streamline results were obtained from mesh of 100 × 100 and 257 × 257. Fig. 7 shows the result obtained from the two different mesh setup. For mesh 257 × 257, small vortex formation at lower right wall was observed. Although the same observation was also obtained from 100 × 100, the size and center of the vortex was totally different. However, overall vortex formation was clearly captured, indicating that RLBM is excellent in preserving cavity flow main characteristic.The ability to simulate high Reynolds number with stability at such low resolution also indicated the method has potential for turbulent flow applications.
Flow past two-dimensional cylinder
Flow past two-dimensional circular cylinder simulations were performed for steady and unsteady cases. For steady flow, Re number was set to 20 and 40 while Re number of 100 and 200 were used for unsteady flow simulations. For external flow past circular cylinder, at Re > 180, the flow field is not two-dimensional anymore. At higher Re, to be able to conduct any simulation with meaningful results using Cartesian grid, the mesh resolution has to be thin enough to resolve the boundary layer. This can easily be done using boundary fitted mesh but difficult under the Cartesian mesh. Thus, simulations for Re higher than 200 was not conducted in this work.
The results obtained were compared with other results available in literature. Fig.8 shows simulation setup used in this work. Mesh used in this simulation was 256 × 256. The circular cylinder was covered with 17 × 17 mesh. Generally, mesh of more than 300 × 300 was reportedly used for flow past two-dimensional cylinder using Cartesian grid (5) , (12) . However,
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As can be seen from Table 1 , results from low Re number did not vary much from other authors. The present results were in good agreement with those of He and Guo et al. This is important because both authors used LBM for their simulations, with He and Doolen using interpolation supplemented on curvilinear grid and Guo et al. using finite difference based lattice Boltzmann on curvilinear grid. Also notice that although the present method uses Cartesian mesh, results obtained were as accurate as those of boundary fitting mesh. This demonstrated that VFM combined with RLBM was able to simulate flow with complex geometry as reasonably accurate as those that use boundary fitting mesh. Fig.9 shows the formation of symmetrical vortex at flow trail of circular cylinder. For unsteady flow, Strouhal number, St and average drag coefficient C d,m are the main quantitative flow parameters used to validate the method. Table 2 and 3 summarize the results from present method compared to other authors. Strouhal number obtained from the present method is comparable to other results. Again, it should be noted that Strouhal number is highly sensitive to geometrical configuration, thus, the results obtained also confirmed the reliability of VFM to capture geometric feature of cylinder adequately even for time-dependant flow field. Finally, Fig.10 shows drag and lift coefficients history and a snapshot of streakline for Re=100. The streakline visualization is better than streamline because it is time-dependant, thus, it will give a realistic view of the time evolution of flow. As can be seen, the streakline shows a fingering effect with a constant frequency, known as Karman vortex. The flow patern also closely resemble picture taken from flow experiment (16) . 
Conclusion
Application of RLBM for flow at high Reynolds number and flow with curved boundary were examined. For flow at high Reynolds number, the two-dimensional lid-driven cavity was used as the test problem. Excellent results were obtained from the lid-driven cavity simulations. RLBM was able to simulate high Reynolds number using relatively coarse mesh compared to the original SRT-LBM without compromising accuracy. For flow with curved boundary, RLBM implementation combined with VFM was simple and effective. The results obtained from flow past two-dimensional circular cylinder were in excellent agreement with other methods. Overall, the method demonstrated excellent numerical stability even at relatively coarse mesh resolutions. We concluded that the present method is much more effective than the original SRT-LBM for high Reynolds number simulation and flow with curved boundary.
